In this paper we propose a new lifetime model, called the odd generalized exponential linear failure rate distribution. Some statistical properties of the proposed distribution such as the moments, the quantiles, the median, and the mode are investigated. The method of maximum likelihood is used for estimating the model parameters. An applications to real data is carried out to illustrate that the new distribution is more flexible and effective than other popular distributions in modeling lifetime data.
Introduction
Some distributions such as the exponential (E), Rayleigh (R), generalized exponential (GE), and linear exponential (LE) are used for modelling the lifetime data in reliability. These distributions have several desirable properties and satisfactory interpretations which enable them to be used frequently. It is wellknown that the exponential distribution can have only constant hazard rate function whereas, Rayleigh, linear failure rate, and generalized exponential distributions can have only monotone (increasing in case of linear failure rate distribution and increasing/decreasing in case of generalized exponential distribution) failure rate functions. However, the above distributions sometimes have some respective drawbacks in analyzing lifetime data. Gupta and Kundu [5] proposed a generalization of the exponential distribution named as Generalized Exponential (GE) distribution. The two-parameter GE distribution with parameters α > 0 and β > 0, has the following distribution function F (x) = 1 − e −αx β , x > 0, α > 0, β > 0.
(1.1)
The linear exponential (LE) distribution is also known as the Linear Failure Rate (LFR) distribution, having exponential and Rayleigh distributions as special cases, Bain [2] . The two-parameter LE distribution with parameters a > 0 and b > 0, has the following distribution function Sarhan and Kundu [10] presented a three-parameter generalized linear failure rate (GLFR) distribution by exponentiating the LFR distribution as was done for the exponentiated Weibull distribution by Mudholkar et al. [8] . The exponentiation introduces an extra shape parameter in the model, which may yield more flexibility in the shape of the probability density function (pdf) and hazard function. The distribution function of the generalized linear failure rate (GLFR) distribution is given as
It is observed that the GLFR distribution has decreasing or unimodal pdf and it can have increasing, decreasing, and bathtub-shaped hazard functions. Another important characteristic of GLFR distribution is that it contains, as special sub-models, the generalized exponential (GE), generalized Rayleigh (GR), Linear failure rate (LFR), exponential (E), and Rayleigh (R) distributions, [4, 10] . Jamkhaneh [6] introduced four-parameter distribution called the modified generalized linear failure rate (MGLFR) distribution. Mahmoud and Alam [9] proposed a generalization of linear exponential distribution called the generalized linear exponential (GLE) distribution. Anew four-parameter generalization of the linear failure rate (LFR) distribution which is called Beta-linear failure rate (BLFR) distribution is introduced by Jafari and Mahmoudi [7] . The BLFR distribution is quite flexible and can be used effectively in modeling survival data and reliability problems. It can have a constant, decreasing, increasing, upside-down bathtub (unimodal) and bathtub-shaped failure rate function depending on its parameters, and it also includes some well-known lifetime distributions as special sub-models. Another generalized version of linear exponential distribution introduced by Yuzhu tiana et al. [11] called the new generalized linear exponential (NGLE) distribution and discuss some of its properties, it also includes some well-known lifetime distributions as special sub-models. Yuzhu tiana et al. [12] also presented another generalization of linear exponential distribution called the transmuted linear exponential (TLE) distribution. Recently, a new class of univariate continuous distributions called the odd generalized exponential (OGE) class introduced by [3, 13] . This class is flexible because of the hazard rate shapes could be increasing, decreasing, bathtub and upside down bathtub. The odd generalized exponential (OGE) class is defined as follows. If G(x), x > 0 is cumulative distribution function (cdf) of a random variable X, then the corresponding survival function is G(x) = 1 − G(x) and the probability density function is g(x), then we define the cdf of the OGE class by replacing x in the distribution function of generalized exponential (GE) distribution given in equation (1.1) by
leading to
The probability density function corresponding to (1.4) is given by
In this article we present a new distribution depending on Linear Failure Rate distribution called the Odd Generalized Exponential-Linear Failure Rate (OGE-LFR) distribution by using the class of univariate distributions defined above.
This paper is organized as follows. In Section 2 we define the cumulative distribution function, density function, reliability function, hazard function and the reversed hazard function of the odd generalized exponential-linear failure rate (OGE-LFR) distribution. In Section 3 we study some different properties of (OGE-LFR) distribution include, the quantile function, median, mode, and the moments. Section 2 The OGE-LFR distribution
OGE-LFR specifications
In this subsection we present a new four parameters distribution called Odd Generalized ExponentialLinear Failure Rate (OGE-LFR) distribution with parameters α, a, b, and β written as OGE-LFR(Ψ), where the vector Ψ is defined in the form Ψ = (α, a, b, β).
A random variable X is said to have OGE-LFR with parameters α, a, b, and β if its cumulative distribution function (cdf) given as
The corresponding pdf has the form
where x > 0, α, a, b, β > 0.
Survival and hazard functions
If a random variable X has cdf in (2.1), then the corresponding survival function is given by
The hazard function of OGE-LFR(Ψ) is defined as follow
Also the reversed hazard function of OGE-LFR(Ψ) is given as follow 
Statistical Properties
This section is devoted for studying some statistical properties for the odd generalized exponential-linear failure rate (OGE-LFR), specifically quantile function, median and the moments.
Quantile, Median and Mode
The quantile of the OGE-LFR(Ψ) distribution is simply the solution of the following equation, with respect to x q , 0 < q < 1
By solving equation (3.1), we obtain x q as follow
Since the quantile x q is positive, then we obtain the quantile as follow
The median can be derived from (3.2) be setting q = 1 2 . That is, the median is given by the following relation
Moreover, the mode of the OGE-LFR(Ψ) distribution can be obtained by deriving its pdf with respect to x and equal it to zero. Thus the mode of the OGE-LFR(Ψ) distribution can be obtained as a nonnegative solution of the following nonlinear equation
It is not possible to get an explicit solution of (3.4) in the general case. Numerical methods should be used such as fixed-point or bisection method to solve it.
The moments
In this subsection, we will derive the rth moments of the OGE-LFR(Ψ) distribution as infinite series expansion.
Theorem 3.1. The rth moment of a random variable X ∼OGE-LFR(Ψ), where Ψ = (α, a, b, β) is given by
Proof. The rth moment of a random variable X with pdf f (x) is defined by
Substituting from (2.2) into (3.5), we obtain , we obtain
Using binomial expansion of e ax+ b 2
, we obtain
Using series expansion of e b 2
(j−k+1)x 2 , we obtain
By using the definition of gamma function in the form, Zwillinger [14] ,
Finally, we obtain the rth moment of OGE-LFR in the form
This completes the proof.
Order Statistics
Let X 1:n , X 2:n , · · · , X n:n denote the order statistics obtained from a random sample X 1 , X 2 , · · · , X n which taken from a continuous population with cumulative distribution function (cdf) F (x, Ψ) and probability density function (pdf) f (x, Ψ), then the probability density function of X r:n is given by
where f (x, Ψ), F (x, Ψ) are the pdf and cdf of OGE-LFR(Ψ) distribution given by (??) and (??) respectively and B(., .) is the beta function, also we define first order statistics X 1:n = min(X 1 , X2, · · · , X n ), and the last order statistics as X n:n = max(X 1 , X 2 , · · · , X n ). Since 0 < F (x, Ψ) < 1 for x > 0, we can use the binomial expansion of [1 − F (x, Ψ)] n−r given as follows
Substituting from (4.2) into (4.1), we obtain
Substituting from (2.1) and (2.2) into (4.3), we obtain
Relation (4.4) shows that f r:n (x, Ψ) is the weighted average of the odd generalized exponential-linear failure rate with different shape parameters.
Estimation and Inference
Now, we discuss the estimation of the OGE-LFR(α, a, b, β) parameters by using the method of maximum likelihood based on a complete sample.
Maximum likelihood estimators
Let X 1 , X 2 , · · · , X n be a random sample of size n from X ∼ OGE-LFR(α, a, b, β) with observed values x 1 , x 2 , · · · , x n , then the log-likelihood function can be written as
Substituting from (2.2) into (5.1), we get
The log-likelihood function can be written as
The maximum likelihood estimates of the parameters are obtained by Differentiating the log-likelihood function L with respect to the parameters α, a, b and β and setting the result to zero
Where the nonlinear functions ψ(x i , α, a, b) and ϕ(x i , a, b) are given by
From equation (5.3) , we obtain the maximum likelihood estimate of β in a closed form as folloŵ
Substituting from (5.7) into (5.4), (5.5) and (5.6), we get the MLEs of α, a, b by solving the following system of non-linear equations
There is no closed form solution to these equations, so statistical software or numerical technique must be applied.
Asymptotic confidence bounds
In this subsection, we derive the asymptotic confidence intervals of the unknown parameters α, a, b and β. As the sample size n −→ ∞, then (α − α,â − a,b − b,β − β) approaches a multivariate normal vector with zero means and the variance I 
The second partial derivatives included in I −1 0 are given as follows
,
where the nonlinear functions ψ(x i , α, a, b), ϕ(x i , a, b), h(x i , α, a, b) and τ (x i , α, a, b) are given by
The above approach is used to derive the (1 − δ)100% confidence intervals for the parameters α, a, b and β as in the following formŝ
where Z δ 2 is the upper ( δ 2 )th percentile of the standard normal distribution.
Data Analysis
Now we use a real data set to show that the OGE-LFR distribution can be a better model, comparing with many known distributions such as the Exponential(E), Generalized Exponential(GE), Linear Failure Rate(LFR), New Generalized Linear Exponential (NGLE) and Transmuted Linear Exponential (TLE). Consider the data have been obtained from Aarset [1] , and widely reported in many literatures. It represents the lifetimes of 50 devices, and also, possess a bathtub-shaped failure rate property, Table 1 . The MLEs of the unknown parameters and the corresponding Kolmogorov-Smirnov(K-S) test statistic for the six models are given in Table 2 . Table 3 for the six distributions in order to verify which distribution fits better to these data. Based on Tables 2 and 3 , it is shown that OGE-LFR(α, a, b, β) model provide better fit to the data rather than other distributions which we compared with because it has the smallest value of (K-S), AIC, AICC, BIC and HQIC test. The nonparametric estimate of the survival function using the Kaplan-Meier method and its fitted parametric estimations when the distributions is assumed to be E, GE, LFR, NGLE, TLE and OGE-LFR are computed and plotted in Figure 7 . The Fitted probability density functions for the data.
Conclusions
In this article, we have introduced a new four-parameter model called odd generalized exponential linear failure rate distribution. We refer to the new model as the OGE-LFR distribution and study some of its mathematical and statistical properties. We provide the pdf, the cdf, the hazard rate function and the reversed hazard function for the new model also we provide an explicit expression for the moments. The model parameters are estimated by maximum likelihood method. We use application on set of real data to compare the OGE-LFR with other known distributions such as Exponential (E), Generalized Exponential (GE), Linear Failure Rate (LFR), New Generalized Linear Exponential (NGLE) and Transmuted Linear Exponential (TLE). Applications on set of real data showed that the OGE-LFR is the best distribution for fitting these data sets compared with ED, GED, LFRD, NGLED and TLED distributions.
